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SELF-SIMILAR SOLUTIONS TO THE PROBLEM OF THE 

MOTION OF A SPHERICAL PISTON IN A HEAT- 

CONDUCTING MEDIUM WITH CONSERVATION OF THE 

ENERGY OF A POINT EXPLOSION 

R. G. Dautov and E. V. E r m o l i n  UDC 517.9:533.9 

In this paper  we study the problem of the motion of a spherical  piston with fixed heat removal  on it along 
a heat-conduct ing medium with a distr ibuted density, in which there  initially occur red '  a point explosion which 
re leased  a finite energy E 0. We study the case when the heat removal  is compensated by the work per formed 
by the piston, i .e. ,  the total energy of the medium remains  constant and equal to the re leased energy E 0. 

Analysis  of the numer ica l ly  found s e l f - s imi l a r  solutions revealed the following features.  

For  solutions which have the same total energy,  as the velocity of the piston and the rate  of heat removal  
on it increase ,  the mass  velocity or  propagation of the forward wave front,  the difference between the velocity 
of the forward f ront  of the per turbat ions  and the velocity of the shock wave following it, and the re la t ive  f r a c -  
tion of the thermal  energy all decrease .  

As E 0 increases ,  f i rs t  of all, the behavior indicated above intensifies and, second, interest ing features 
are  observed for two limiting problems - a pare  explosion [1, 2] and maximum heat removal :  the percentage 
of the kinetic energy of the explosion in the problem without the piston (pure explosion) drops and t h e  percen t -  
age of the kinetic energy of the explosion in the problem with maximum heat removal  (the tempera ture  at the 
piston equals zero) increases .  

We write the sys t em of gas -dynamics  equations in the Lagrangian mass  coordinate sys tem [3] in the form 

ot v,  ~ - -  pr2, ~ ~ am' - -  am ' 

ae 0 (~v) a (r~) W ,, o r  (i) 
o-i ~ - -  P -~m am ' : --  r-p• Tin' 

RT 5 
e - ~  7 _  t ,  p = RpT,.  •  s]2,. ? ----_-~. 

Here r is the radius,  m is the Lagrangian m a s s  variable,  t is the t ime, v is the velocity, p is the density, p is 
the p re s su re ,  s is the internal energy, T is the tempera ture ,  W is the heat flux, and • is the coefficient of 
the rmal  conductivity, charac te r i s t ic  for a h igh- tempera ture  hydrogen plasma.  

Dimensional analysis  [4] shows that the problem of an instantaneous point explosion followed by the mo-  
tion of a spher ical  piston has a se l f - s imi l a r  solution when the following hold: 

boundary conditions on the piston (m = 0) 

v(O, t) = r o t - t / ' ,  W(0, t) = --v(0,, t)p(0,,, t); (2) 

boundary conditions on the forward front of the perturbat ion wave mN(t) 

p (raN, t) = ~ ---'/2 eo"~,~ , v (m~, ,  t) = r ( r e x ,  t) = W (raN,  t) = 0;  (3) 

Kazan' .  Transla ted f rom Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 3, pp. 131-135, May- 
June, 1987. Original ar t ic le  submitted March 3, 1986. 
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c o n d i t i o n s  of c o n s e r v a t i o n  of the  t o t a l  e n e r g y  of the  m e d i u m  

va N 

4~ y ( T~__ + _z.) dm = Eo" 
o 

The  b o u n d a r y - v a l u e  p r o b l e m  (1)-(4) has  a s e l f - s i m i l a r  so lu t ion ,  f o r  which  the  fo l lowing  f o r m u l a s  f o r  the  
t r a n s f o r m a t i o n  to  one independen t  d i m e n s i o n l e s s  v a r i a b l e  s a r e  va l id :  

m = tZl2R ~lz6 pll4a-i/s s, r (m, t) = t3/4/~21/32r~1'24"--3/16~' [a~ 

v (m, t) = t-~/4R21mp~o/24a-~l'6cr (s), p (m, t) = t-7/4R-~gmp~/Sa~/~6 (s),: 

T (m, t) = t-~12R~/~p~/~a-~/s! (s), W (m, t) = t-~/2RT/~p~o/~a-~/scp (s). 

U s i n g  t h e s e  t r a n s f o r m a t i o n  f o r m u l a s ,  we w r i t e  the  b o u n d a r y - v a l u e  p r o b l e m  f o r  the  d i m e n s i o n l e s s  func -  
t i o n s  d e p e n d i n g  on s:  

s y s t e m  of e q u a t i o n s  

dk 1 s dk 3 s d~ 05 ^ 2 d (6]), 
ds 6L "z' 2 ds - ~ L =  - - ( ~ ' ~ - ' d s  + . ~ - - - - - A  ds / 

d~ 7 ~2: (~) 0,5 a(,/) 8In (~?~) a (De) 
ds + E  8 =  ds ' r - - I  as = T + - ' - g T - s  ' 

d] ,  5 
(P = --  ~26fl2 Ts Y = "3; 

c o n d i t i o n  on the  p i s t o n  (s = 0) 

a(0)  = So; 

c o n d i t i o n s  on the  f o r w a r d  f ron t  of  the  p e r t u r b a t i o n s  s N 

2 s3/~ 8 (s) s7~7/2~ (sN) = T N ,  = ~ (sN) = / ( s D  = 9 (sN) = 0; 

and,  c o n s e r v a t i o n  of  e n e r g y  

SN 
O~ 2 

0 

H e r e  the  v a l u e s  of the  d i m e n s i o n l e s s  c o n s t a n t s  a r e  a s  fo l lows :  

, i z ~ - - 2 1 / 3 ~ - - l / 2 4 ~ a / 1 6  ~ ~ Eoa-~14poZlSallZ o , ~ -  
~"0 = v O ~  t"O ~ :~ cO 

The  s y s t e m  (6) h a s  the  fo l lowing  f i r s t  i n t e g r a l s  

~(s) = 0,75X(s) - s/(28(s)X2(4). 

0.5s(ff(7 - -  1) + ~2/2) - -  ~,2(6]a + V) = const. 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(io) 

(ii) 

w h e r e ,  t a k i n g  into  accoun t  (8), t he  c o n s t a n t  in t he  s e c o n d  i n t e g r a l  e q u a l s  z e r o .  
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T h e  Hugonio t  r e l a t i o n s  [3] on an i s o t h e r m a l  s h o c k  wave  a r e :  

8z = 8,/~p,, = (2Xla~Isx) ~ l~, 12 = l , ,  
(12) o.5~, L_' (~  ~ 

(the i n d i c e s  1 and 2 deno te  the  v a l u e s  of the  func t ion  in f ron t  of and behind  the  s h o c k  wave ,  r e s p e c t i v e l y ) .  

I t  c an  be shown a n a l o g o u s l y  to  [1, 2, 5] t ha t  in t h i s  p r o b l e m  the  v e l o c i t y  of t he  f o r w a r d  f r o n t  of the  p e r -  
t u r b a t i o n s  i s  f in i te ,  i . e . ,  u n d e r  the  cond i t i ons  (8) we have  s N < 0% whi le  be tw e e n  the  p i s t o n  and the  f o r w a r d  
f r o n t  of the  p e r t u r b a t i o n s  t h e r e  should  be an i s o t h e r m a l  s t r o n g  d i s c o n t i n u i t y ,  i . e . ,  t h e r e  e x i s t s  a po in t  s 1 E 
(0, SN), w h e r e  the  cond i t i ons  (12) a r e  s a t i s f i e d .  

The  v a l u e s  of s N and s 1 a r e  unique  c h a r a c t e r i s t i c  v a l u e s  of the  b o u n d a r y - v a l u e  p r o b l e m  - t h e r e  i s  a o n e -  
t o - o n e  c o r r e s p o n d e n c e  b e t w e e n  e a c h  a d m i s s i b l e  p a i r  of q u a n t i t i e s  %, c% and the  p a i r  of qua n t i t i e s  SN, s 1. 

In  a n e i g h b o r h o o d  of the  f o r w a r d  f r o n t  of the  p e r t u r b a t i o n s  s N the  s o l u t i o n  h a s  the  f o r m  (s _< s N) 

3~'N = 8) 215 x (s) = XN + ~ (sN - s) + . . . .  ~ (s) 2 ~ 6 ~  
slv al  (s:v, - -  + . .  . l  

3 4 
4aN$CN s) 215 S) 2I~ 6 (s)  = 62v + _--'5"-" al~(s-~ - -  + . . . .  ] (s)  = a 1 ( s ~  - -  + . . . ,  (13) 

s N 

3 ~,~ , s)~.l~ [15 ~ ~1 ~I~ 
f,p (s) = ~ Z ~  al  I, SN - -  + . . . .  a~ = t -  ~ 8 - ~ ]  " 

If the  p o s i t i o n s  of the  s i n g u l a r  p o i n t s  s N and s 1 in  t he  s o l u t i o n  sought  a r e  known b e f o r e h a n d ,  t hen  t h i s  so lu t i on  
can  be  found by n u m e r i c a l l y  i n t e g r a t i n g  the  s y s t e m  (6) f r o m  the poin t  s = s N - ~, a t  which  the  va lue s  of the  
func t ions  a r e  c a l c u l a t e d  b a s e d  on the  f o r m u l a s  (13), up to the  p i s t o n  s = 0 u s ing  a t  the  po in t  of d i s c o n t i n u i t y  s 1 
the  r e l a t i o n s  (12). 

The  n u m e r i c a l  e x p e r i m e n t s  showed  tha t  fo r  each  va lue  of the  e n e r g y  of  the  e x p l o s i o n  e 0 t h e r e  e x i s t s  a 
c r i t i c a l  va lue  of the  p i s t o n  v e l o c i t y  G~ (%) s u c h  t ha t  in p r o b l e m s  with  0 _< ~0 <- G~ (e0), when i n t e g r a t i n g  in the  
d i r e c t i o n  of the p i s t on ,  t h e r e  a p p e a r s  in  a n e i g h b o r h o o d  of s = 0 an i n s t a b i l i t y  in  the  n u m e r i c a l  so lu t ion ,  which 
i s  m o s t  c h a r a c t e r i s t i c  fo r  t he  b e h a v i o r  of the  v e l o c i t y  G(s) .  Th i s  i n s t a b i l i t y  i s  of the  s a m e  n a t u r e  a s  the  one 
in  the  n u m e r i c a l  s o l u t i o n  in  s o l u t i o n s  of t he  TW II t y p e t  f o r  the  p i s t o n  p r o b l e m  [5], a s  wel l  as  in so lu t i ons  of 
the  p r o b l e m  of  a p u r e  e x p l o s i o n  [2]. By the way,  in [2] the  b e h a v i o r  of i n t e g r a l  c u r v e s  was  s t ud i e d  and i t e r a -  
t i on  m e t h o d s  w e r e  g iven  fo r  s o l v i n g  the  p r o b l e m  of  a p u r e  exp los ion ,  m a k i n g  i t  p o s s i b l e  to avo id  the  i n s t a b i l i t y  
in  t he  n u m e r i c a l  so lu t ion .  

F o r  b r e v i t y ,  in the  r e s t  of the  p r e s e n t a t i o n ,  we s h a l l  c a l l  the  p r o b l e m  of the  p u r e  e x p l o s i o n  (G0 = 0) p r o b -  
l e m  A, the  p r o b l e m  wi th  m a x i m u m  h e a t  r e m o v a l  (G0 ~ 0, f{0) = 0) p r o b l e m  C, and the  i n t e r m e d i a t e  c a s e  (Go ~ 0, 
f(0) ~ 0) p r o b l e m  B. 

In the  v i c in i t y  of the  p i s t o n  each  of the  m e n t i o n e d  p r o b l e m s  has  i t s  own f o r m  of the  p o w e r  s e r i e s  e x p a n -  
s i o n  of the  so lu t ion :  

the  p r o b l e m  A 

the  p r o b l e m  B 

~" (~) = t~] + ~ (s) = - ~  ~,~ + 
�9 t~s .... 

(s) = 6o + To t ~  2s~ ~ ~ + . . . .  

i / 8 \ : / a  
= So + t :-2-) + . . . .  2/~ - 

2 [ 3 \l/a 
,P(,~) = - y s o  t ~  ) ~.a + . . . ;  

), (s) = )~o + ~ s + . . . .  
i$oX ~ 

(s) = T ),o + 4~o~g s + . . . .  6 (s) = 80 + T ~ - s + . . . , ;  

3 3 
! (s) = / o  • 4~0i~/-----~ s + . . . . .  (p (s) = - -  -~ ~06d0 + . . . ;  

r TW I I  - t e m p e r a t u r e  wave  of  the  s e c o n d  kind [5]. 

(14) 

(15) 
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the p r o b l e m  C 

5 1 
7~ (s) = 7. 0 + T ~ s m  + . . . .  

3 t t s 7/s-4- . . . ,  

~(s) = ~s-~l  5 + , . . ,  ](s) = / f , 1 5  + . . . ,  

(s) = - -  y .~o- ,1  + . . .  

(16) 

Here  6 0, f0 and 6 1, fl a r e  unknown p a r a m e t e r s .  

The expans ions  (14)-(16) a r e  employed in the cou r se  of the i t e r a t ion  p r o c e s s  [2] in f inding the solut ion in 
the p r o b l e m s  0 _< a 0 _< a~ (%). 

F i g u r e  1 shows the graphs  of the pos i t ion  of the point  of the d iscont inui ty  s~ as a function of the pos i t ion  
s N in solu t ions  of p r o b l e m s  A and C. The points  of the d iscont inui ty  in the solu t ions  B fal l  between the cu rves  
A and C, s ince  for  fixed s N the max imum value of s 1 i s  r eached  on the solut ion of the p r o b l e m  C, while the 
min imum value i s  r eached  in the p r o b l e m  A. This  i s  shown in Fig .  2, which gives  the values  of the g a s - d y n a m i c  
and t h e r m a l  functions on the p is ton  as a function of s 1 in the solu t ions  with the s a m e  pos i t ion  of the forward  
f ront  of the p e r t u r b a t i o n s  s N = 7. The f igure  a lso  shows the dependence of the p is ton s N of the Values of the 
total  and kinet ic  energy  in the indicated solut ions .  

The dependence on s 1 shown in Fig .  2 is  p r e s e r v e d  for  o the r  values  of s N a lso .  Th is  is  indica ted  by the 
graphs  of the change in the to ta l  ene rgy  (Fig.  3) in the so lu t ions  of p r o b l e m s  A (solid line) and C (broken line) 
as  a function of s N. In so lu t ions  of the p r o b l e m s  A and C tim c h a r a c t e r i s t i c s  (Fig.  4) of the changes of the 
r e l a t i v e  f r ac t ion  of the kinet ic  energy e k / e  0 a r e  in te res t ing :  in the solut ions of the p r o b l e m  C it  i n c r e a s e s  
monotonica l ly  as  sN i n c r e a s e s  and t he r e fo re  as  the energy  of the explos ion e 0 i n c r e a s e s ,  while in the solu t ions  
of p r o b l e m s  A it d e c r e a s e s .  
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Figures  5-7 show the solutions of the problem B of the instantaneous energy re lease  e 0 = 4~25.5 with 
simultaneous motion of the hea t - removing  piston with velocities c~ 0 = 1.88, 2.90, 3.22, and 3.40 {lines 1-4). 

As we can see,  as the velocity of the piston and, correspondingly,  the heat removal  on it increase ,  the ve-  
locity of the forward front  of the per turbat ions  dec reases ,  and the velocity of the shock wave increases ,  and 
there fore  the region of heating in front of the shock wave dec reases  in size.  At the same time, the relat ive 
change in the velocity of the shock wave is small ,  while the velocity of the forward front of the perturbat ion 
wave is quite .,~ubstantial. 

The c loseness  of the values of the p r e s s u r e s  (the graphs are  not shown) direct ly  behind the shock waves 
deserves  special  attention. 
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MICROMECHANICS OF DYNAMIC DEFORMATION 

AND FAILURE 

A. K. Divakov, L. S. Kokhanchik, 
Yu. Io Meshcheryakov, and M. M. Myshlyaev 

UDC 539.374:620.178.7 

As demonstra ted in [1-4], dynamic deformation and failure of mater ia ls  proceeds  under conditions of 
marked distr ibution for  par t ic le  velocity. This distribution governs not only the dependence of mechanical  
p roper t i es  on deformation rate,  but also mater ia l  spalling res is tance .  The stat is t ical  nature of the occur rence  
of dynamic deJ[ormation and failure p roces se s  at the microlevel  makes it possible by analogy with liquid and 
gas mechanics  to use as a charac te r i s t i c  of these p roces se s  a distribution function for part icle  velocity which 
gives complete information about p roces se s  at the microlevel .  However, for  many pract ical  purposes,  it is 
ent i re ly sa t i s fac tory  to know only the f i rs t  two features ,  i.e., average part icle velocity and part icle velocity d is -  
pers ion.  As will be shown below, these two cha rac te r i s t i c s  may  be determined simultaneously during a single 
act  of shock loading for a specimen. 

A study of mater ia l  ductility and strength is often car r ied  out on the basis of analyzing t ime profi les for 
loading and unloading waves, a record  of which is accomplished by means of various types of fas t -ac t ing sen-  
sors ,  i.e., manganin, p iezoceramic ,  variable capaci tance etc. Lase r  in te r fe romete r s  occupy a special  place 
among this type of r eco rde r ,  making it possible to measure  local dynamic movements  and the free surface  ve- 
locity of specimens.  One of the main vir tues of in t e r fe romete r s  is their  sensi t ivi ty to par t ic le  velocity d is -  
tribution. Use of l a se r  in t e r fe romet ry  makes it possible not only to record  the time profile of a shock wave, 
but also to obtain quantitative information about the evolution of the particle velocity distribution function at 
loading and unloading fronts. This information is particularly valuable in combination with microstructural 
studies of materials, since it makes it possible to study structural changes in the material during dynamic de- 
formation. Whereas the time profile for the shock wave characterizes dynamic deformation and failure pro- 
cesses at the microlevel, the velocity distribution function and its features are microscopic characteristics of 
these p rocesses .  

Leningrad. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 3, pp. 135-144, 
May-June, 1987. Original article submitted March 3, 1986. 
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